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Various aspects related to the numerical (finite element) analysis of the support structure for solar sails are

analyzed. Static analyses of single booms (simple beam and isogrid configurations) are presented and dynamic

properties are extracted before and beyond the buckling load. Numerical difficulties associated with the case of

buckling under nonconservative loading are also explored using as a reference example von Beck’s problem, for

which a closed-form solution for comparison is available. A study of the entire support structure for a square solar

sail (four connected booms) is also presented. In all analyses, attention is focused on the prediction of the postbuckling

(large deflection) behavior, including dynamics.

I. Introduction

S OLAR sails offer the prospect of an effective propulsion system
for deep space exploration using the energy from photon fluxes.

Advances in lightweight materials, especially, have led to
consideration of various geometries and configurations designed to
harness the sun photons. Square, circular, or heligyro configurations
have been proposed (see Fig. 1). The structural behavior of the solar
sail is being analyzed from different perspectives (experimental,
numerical, etc.) by various researchers (to mention only few of the
studies, see, for instance, [1–4].)

To provide an appropriate surface to capture this solar effect, the
sail must be supported in its deployed (or operational) state in the
sameway that a kite is supported by a relatively rigid framework. The
key components of the support structure for solar sails are the slender
booms, which are able to carry the axial and lateral loads to which
they are subjected and can maintain the geometric configuration of
the sail. Given the need to minimize weight, these booms tend to be
somewhat slender, and hence buckling and vibration problems
become an important issue. The booms must also have a reduced
launch volume; that is, they must have the ability to be folded.
Consequently, thematerialmust be able towithstand high strain rates
and must have a good shape memory function for the deployment
sequence to be successful. Different structural configurations include
the possibility of using inflatable members and various composite
materials. There are also different choices available for the
attachment of the sail membrane to the booms. Some of the possible
solutions and their advantages and disadvantages are discussed in [5]
and are shown in Fig. 2. Essentially, the determining factor
influencing the static and dynamic postbuckling behavior of these
slender structural elements is the way in which the load is transferred
from the membrane to the boom.

The work described in this paper focuses on some aspects of the
static and dynamic analysis of such structures; corresponding
numericalexamplesarepresented.Muchof thiswork isbasedonfinite
element analysis considering complicated effects associated with
large deflections, geometric imperfections, and transient dynamics.
Because experimental testing of full-scale models including the

characteristics of the environment in which they will be used (no
gravity and practically no damping) is almost impossible, high
confidence in the numerical models that are used has to be acquired.

Two different structural designs of the booms are analyzed. The
first design considered is, from the numerical model point of view,
just a regular beam. The second is the isogrid configuration,
practically a 3-D trusslike structure often encompassing some kind of
inflated interior for added stiffness and deployment. For a detailed
description of the geometry, see [6,7]. In the case of the isogrid boom,
high modulus fibers are oriented longitudinally and designed to
absorb the compressive loads, whereas the ones oriented laterally
absorb the inflation loads and stabilize the cross section. The fibers
are impregnated with a Sub Tg resin to rigidize the structure after
deployment. There are different isogrid configurations that have
been considered for the solar sail booms. The mesh for the particular
configuration that was used in this study was generated according to
the geometry described in [7] and is shown in Fig. 3. The baseline
model considered in this paper is a cantilever beam that has 16
circumferential bays (distributed uniformly on a circle of diameter
17.78 cm) and a helix that wraps around; the individual bars have a
diameter of 5 mm. The total length corresponds to 100 full helices;
that is, L� 32:04 m, the structure thus having a very high
slenderness ratio. For validation purposes, this isogrid structure is
also analyzed in [8], in which the authors, bymeans of a combination
of ground testing and simplified analysis, show this ultralightweight
boom to be scalable, predictable, and thermomechanically stable.
The work presented in Secs. II and III of our paper approaches the
analysis of the isogrid from the numerical perspective, but has the
same goal: to efficiently predict the on-orbit performance of these
modern ultralight structures. Section IV follows with an analysis of
the numerical difficulties associatedwith the case of nonconservative
loading. The paper ends with Sec. V discussing the complete support
structure.

In a standard “structural engineering” approach, it is frequently
assumed that buckling represents structural failure. What is unusual
about the solar sail booms is that in this case we rely on a totally
different design concept. Not only are buckled configurations
accepted as operational in this case, but sometimes the structure is
designed to buckle. Buckled booms have certain advantages in this
case. First, they allow for configurations in which the sail is
guaranteed to be in tension, thus satisfying the geometric
requirement. Then, if the booms are allowed to buckle, they can be
made slender and therefore lighter, which is favorable not only for
vehicle efficiency but also for the costs associated with launching the
structure into space. And last but not least, in the vicinity of buckling,
a structure has lower natural frequencies, thus favoring structural
control.

Various structural systems were analyzed in our study and
different ways of transmitting the loads from the sail to the beams
were explored. In this paper only directly applied forces are
considered. The interested reader is referred to [9], in which the case
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of an indirectly transmitted force was considered. In this case, the
system of cables used for keeping the sail integrity is at the same time
the means through which the loading is transmitted to the booms, via
cables that pull the tips of the cantilevers.

II. Large Deflection Static Analysis of a Single Boom

Various static and dynamic analyses are performed (using the
finite element analysis software ABAQUS [10]) on both the standard
beam and the isogrid configuration. In both cases, first-order, 3-D
Timoshenko (shear-flexible) beam elements (B31) are used for
discretization. These elements are formulated for large strains and
large rotations, allow for transverse shear deformation, and are
efficient for thick as well as slender beams. The discretizations used
for both configurations are proved (via a spatial convergence study)
to offer the desired accuracy.

As an example, in the case of the baseline model in the eigenvalue
problem, a buckling load of Pcr � 2:4736 kN is obtained, a value
that compares well with the analytical critical Euler load [11],

Pcr �
�2EI

4L2
(1)

The same configuration (see Fig. 3) is then loaded with a transverse
load of 1% of the buckling load and a large deformation static
analysis is performed with the aid of Riks’s [12] continuation
method. Among all path-following numerical techniques, the arc-
length techniques are the ones known to perform well when special
events (limit, bifurcation points) are encountered. In these cases, the
historically prevalent approach (i.e., the load-controlled) is not
robust with the analysis failing as soon as the limit or bifurcation
point is encountered. Indeed, a load-controlled path-following
approach fails here, whereas Riks’s algorithm performs very well,
and the structure is loaded up to approximately twice the critical load.
Figure 4 presents the load-deflection diagram obtained from this
analysis (u1, u2, and u3 are the deflections at the free end in the x, y,
and z directions), whereas the deformed configuration corresponding
to the maximum compressive load that was applied (5 kN) is shown
in the inset. These deformations are excessive, extending well
beyond the expected range of design configurations for a solar sail
boom, and are included here mainly to assess the capabilities of the
finite element software. Analytical solutions rarely exist for highly
nonlinear problems, but in this case such a solution is available (the
so-called elastica solution [11], based on the “exact” differential
equation in arc-length coordinates) and it is used here for
comparison. These points are represented in Fig. 4 with square
markers and their coordinates denoted with superscript “e.” As can
be seen, a very good match is obtained between the numerical model
and the exact solution.

This analysis was repeated using a simplified beam (a cantilever
beamwith a constant cross section). The cross-sectional properties of
this equivalent beam were evaluated to be averages of the properties
of the isogrid system. It has been confirmed that for slender elements,
an analysis using an equivalent beam is very accurate andmuchmore
efficient.

III. Dynamic Analysis of a Single Boom

The dynamic analysis confirms the expectation that isogrid beams
with high slenderness ratios present the same dynamic behavior as
the long beams. The lower modes are bending modes as expected.
The variation of the lowest four frequencies with the axial load is
presented in Fig. 5, and two of the modal shapes (corresponding to
the unloaded beam) are shown in the corresponding insets. The
modes appear in pairs corresponding to the two principal directions
of the cross section.

The prediction of the dynamic response of space structures in
postbuckled and/or large deflection configurations is an important
aspect of an adequate structural design. Furthermore, for effective
control, the frequencies of vibration about highly deflected equilibria
need to be known (especially important because of the lack of
damping in space). The next step of the study analyzes, therefore, the
variation of the natural frequencies with the axial load (which was
increased from zero to approximately twice the critical load). As can
be seen in Fig. 5, the lower bendingmodes present the same behavior
(the continuous lines correspond to modes obtained during an
analysis with a transverse load ofH� Pcr=100, and the dashed lines
correspond to the geometrically perfect system under pure axial
loading). Because the transverse load represents a break in the
system’s symmetry, it is not surprising that the pair separates after
buckling in that case. For the symmetric case, the modes remain
identical in the two principal directions, the solution obtained in this
case being the unstable branch (i.e., the nonbuckled configuration).

Figure 6 presents the expected decrease of the natural frequencies
with the slenderness ratio of the beam defined as

L

r
� L��������

I=A
p (2)

where L is the length of the beam, I and A are the cross-sectional
inertia moment and area, and r is the radius of gyration. The lowest
four vibration frequencies are represented in this figure. For
comparison purposes, an analytical estimate of the fundamental
frequency is included,

!1 � �1:875�2
����������
EI

mL4

r
(3)

Fig. 1 Structural configurations for solar sails (images created by

Benjamin Diedrich, courtesy of www.solarsails.info).

a) Four point suspension b) Five point suspension c) Separate quadrants e) Stripped architecture d) Continuous connection

Fig. 2 Sail attachment solutions.

Fig. 3 Isogrid configuration.
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with EI the cross-sectional flexural rigidity, m the mass per unit
length, and L the total length of the beam. These properties were
estimated in an average sense. Equation (3) gives the smallest
solution of the eigenvalue problem for beams in bending and from

Fig. 6 it can be seen that good agreement is obtained with the
numerically evaluated ones. The same good agreement is observed
for the higher frequencies as well, which can be computed
analytically via
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Fig. 4 Load-deflection diagram obtained with Riks’method [12] on baseline isogrid model.

-2 -1 0 1 2 3 4 5
-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

Axial Force (kN)

ω
2

Bending mode 1

-2 -1 0 1 2 3 4 5
8

10

12

14

16

18

20

Axial Force (kN)

ω
2

Bending mode 2

-2 -1 0 1 2 3 4 5
70

80

90

100

110

120

130

140

Axial Force (kN)

ω
2

Bending mode 3

-2 -1 0 1 2 3 4 5
360

380

400

420

440

460

480

500

Axial Force (kN)

ω
2

Bending mode 4

Fig. 5 Variation of the square of the natural frequencies with the axial loading.
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In all dynamic analyses that are performed, the occurrence of
longitudinal and circumferential modes is also observed. For large
overall dimensions (i.e., very long slender booms) these modes are
not important (they represent higher modes). However, the sail
attachments provide constraints and thus may considerably shorten
the effective lengths. In the case of the very small slenderness ratios
(relatively stocky beams), the behavior is considerably different.
Both the buckled configuration (see Fig. 7) and the lowest vibration
modes (Fig. 8) have a significant circumferential component.
Qualitatively these buckling and vibration modes are similar to
modes corresponding to thin cylindrical shells [13] with various
numbers of circumferential and axial waves. Although such modes
exist in the longer isogrid booms as well, in that case they are higher
modes, and the range of lower modes is dominated by beamlike
bending eigenshapes.

For long slender isogrid booms, the use of an equivalent beam
model for the analysis leads to increased numerical efficiency and is
capable of recovering most of the results obtained on the complex
isogrid model. Both the evaluation of the buckling load as well as the
modal analysis return satisfactory results based on this simplified
model.A comparison of the results is shown in Fig. 9 for the vibration
mode pairs 1, 2, and 7.

A very good agreement is obtained for lower modes and
relatively low axial loading. Some differences are observed in the
higher modes and in the postbuckled state, but even in this case the
relative error is small and the behavior is quite well predicted by a
very simple model that recovers the lowest (bending) modes with
good accuracy.

Another application that is of interest considers the case of long
slender booms with intermediate supports. There are several choices
for the suspension of the sail [6]. A stripped architecture or
continuous connections bring additional sail attachment points, and
the numerical model has to take into account the effect of these lateral
constraints. The buckling load and the natural frequencies
corresponding to bending modes for this case increase with the
increase in the number of lateral supports (i.e., with the reduction of
the effective length), whereas the longitudinal modes remain, as
expected, unchanged by any modification in the lateral conditions.
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Fig. 6 Variation of the natural frequencies with the slenderness ratio.

Fig. 7 Buckling mode of a short isogrid.
Fig. 8 Vibration mode of a short isogrid.
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Figure 10 shows the variation of the natural frequencies with the
distance between the supports and the nature of these supports. We
considered two cases: free or restrained rotation at the supports.
Because the model with intermediate supports is motivated by the
designs with intermediate sail attachments, the more realistic one is
probably the free-rotation version. The effect of the lateral supports
on all modes is studied and, as expected, longitudinal modes are not
affected.

IV. Buckling Under Nonconservative Forces

If the system’s loading is nonconservative, the loss of stabilitymay
not occur via static buckling (the system evolving towards another
equilibrium state) but by the system going into an unbounded
motion. To be able to analyze this case, dynamic effects must be
considered, stability being essentially a dynamic concept. The
problem of the cantilever beam under a tip follower force was first
dealt with in a dynamic context by Max von Beck in 1952 [14], who
proved that buckling in this case is intrinsically dynamic, and not
including the time in an analysis will result in an erroneous
conclusion. The buckling load in the case of a constant-direction
force P can be evaluated statically [11] and for a cantilever beam is

Pcr �
�2EI

4L2
(5)

In the case of the follower forceP, the vertical component of the load
(denoted byPv) at buckling is approximately 8 times higher than this,

as will be shown later. The x direction is the undeformed beam axis.
In a more general context this problem was also studied by Bolotin
[15]. Although the case of the follower force is not directly applicable
to the problem discussed in this paper, other nonconservative load
configurations (for instance, subtangential loads) may be present in
some of the structural systems used to describe solar sail booms.
Understanding the numerical aspects associated with the analysis of
this type of loading is important and for this purpose von Beck’s
problem [14] is used as an example.

Consider a cantilever beam with flexural rigidityEI, mass density
�, length L, and cross-sectional area A (assumed constant over the
length of the beam). It is noted here that the bending analysis neglects
transverse shear deformation and rotary inertia. The Cartesian
coordinate x is along the undeformed elastic beam centerline, and
y��; t� denotes the deflection at time t of the section at x� � (see
Fig. 11).

The tip force can be resolved into its vertical and horizontal
components (Pv and Ph) acting at the section at x� L and the
elementary inertia force at a current section can be calculated via

dT��� � � �y��; t�A d� (6)

The bending moment at current section (x) produced by the action of
the inertia forces is

Mi�x� �
Z
L

x

� �y��; t�A�� � x� d� (7)
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Fig. 9 Comparisons of various bending mode frequencies; analysis of isogrid and equivalent beam.

Fig. 10 Variation of the square of the natural frequencies with the distance between supports.
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and the differential equation of the beam can be written as

EI
@4y

@x4
� Pv @

2y

@x2
� �A �y� 0 (8)

The boundary conditions associated with this problem are

y�0; t� � 0;
@y

@x

����
�0;t�
�0; @2y

@x2

����
�l;t�
�0; @3y

@x3

����
�l;t�
�0 (9)

Assuming the solution can be expressed as

y�x; t� � A0e
�xei!t (10)

and using the notations p� Pv=EI and a� �A=EI, the character-
istic equation is obtained

�4 � p�2 � a!2 � 0 (11)

that has the solutions [14] ��1 and�i�2, where

�1 �

�����������������������������������������������������������
4a!2 � p2

p
� p

2

s
(12)

�2 �

������������������������������������������������������������
4a!2 � p2

p
� p

2

s
(13)

A comment should be made here on the indispensability of
including the time component in the solution. It can be seen that
ignoring the dynamic component [i.e., !� 0 in Eq. (10)] results in
p� 0, and thus the trivial solution only is obtained. Because this
would appear to be the only solution and no neighboring equilibria
could be found, onewouldmistakenly have concluded that the trivial
solution never loses stability. The dynamic buckling load (obtained
numerically) from the eigenvalue problem is

Pvcr �
20:1EI

L2
(14)

and was computed using Mathematica.
A dynamic analysis is performed with ABAQUS for this problem

and shows an oscillatory response after buckling (as seen in Fig. 12).
In Fig. 13, a set of screen snapshots at different times present the
evolution of the deformed shape during this analysis. A spatial
convergence study performed in this case exposed a surprising
effect: the number of elements required in this analysis ismuch larger
than what proves to be more than sufficient in the case of the static
analysis. All subsequent results are obtained based on these very
refined discretizations.

From the numerical point of view, one can sometimes simplify the
analysis of instabilities by using either a static arc-length algorithmor
a numerically more efficient approach, namely, a static analysis with
numerical damping included (to avoid algorithmic instabilities).
However, these methods do not perform well when the instabilities
are dynamic in nature. For instance, in the case of von Beck’s
problem [14], the Riks (arc-length) algorithm [12] is not able to
follow the loading path beyond the buckling. Including numerical
damping in the model makes the analysis more stable, but the
artificial viscous forces included in the system are locally significant
and alter the results (see Fig. 14). Even though the numerical
damping is very small (characterized by a coefficient of 10�6�, the
buckling load predicted using this type of analysis is almost twice the
exact value.We conclude that in cases like this, a dynamical analysis
is required.

Because the analysis failed soon after the onset of the oscillatory
behavior, the inclusion of the numerical damping in the dynamic
simulation was also tested but did not seem to offer any advantages.
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Fig. 12 Dynamic analysis of von Beck’s problem [14] using ABAQUS.

STANCIULESCU, VIRGIN, AND LAURSEN 533



Results were strongly dependent on the amount of damping, and the
analysis did not extend much above the failure limit for the case with
zero damping as seen in Fig. 15. It appears that local effects are too
important in this case and inclusion of any artificial damping factors
is not beneficial.

V. Analysis of the Four-Boom Structure
for a Square Sail

This section analyzes a support structure of a square sail composed
of four booms (all identical with the equivalent beam model

P= 27.04  P = 28.40    P= 29.12  P = 29.81  P = 30.25 P = 30.68 P = 30.82 P = 30.84  

Fig. 13 Evolution of the deformation during a dynamic analysis with ABAQUS. Load values are in kN and are linearly related to time.
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Fig. 14 Static analysis of von Beck’s problem [14] using ABAQUS; numerical damping included in an attempt to control algorithmic instabilities.
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presented in Sec. III) fixed on a central support, a short and rigid
cantilever beam. The static and dynamic behavior of this structure
was analyzed under axial loading similar with the loading used in
Secs. II and III. The buckling load and the natural frequencies
corresponding to this system are almost identical with those
calculated in the case of the single boom. The effect of the rigidity of
the central support was studied by increasing its flexural rigidity by a
factor of 5 and 10, respectively. As expected, the larger the rigidity,
the better the match with the predictions for the single boom. The
large deflection static analysis was performed with Riks’ algorithm
[12] and the load-deflection diagrams that were obtained for the tips
of the booms are similar to Fig. 4. The full supporting structure not
only keeps the same symmetry of the cross section with respect to its
principal inertia axis, but also brings new symmetries with respect to
the global structural axis. As a consequence, the order of multiplicity
of the eigenvalues is increased, the spectrum has not just a pair of
identical eigenvalues thatwill split after buckling, but instead a larger
set of eigenvalues corresponding to each bending mode.

Small lateral forces applied at the tips of the four booms give the
initial imperfection, similar to the approach used in the analysis of the
single boom. However, in the model of the full structure, various
configurations have been considered: 1) all four lateral forces in the
same direction (all positive); 2) three positive, one negative; 3) two
positive, two negative (symmetric with respect to the central point);
and 4) two positive, two negative (asymmetric). The deformed
configurations obtained in these cases are shown in Fig. 16.
Depending on the stiffness of various components of the structure
and on the values of the initial imperfections, the final deformed
geometry favors either a symmetric (16a and 16c) or an
antisymmetric (16b and 16d) configuration.

The variation of the natural frequencies with the axial load for the
basemodel (flexural rigidity of the central support� K) is presented

in Fig. 17, in which the four different symbols represent each of the
four configurations of the initial imperfection described earlier.

It can be seen that with the exception of the increased number of
eigenvalues corresponding to the same type of eigenmode and of
slight differences in this repeated eigenvalue, there is no
fundamental difference between the structural behavior and the
behavior of the single boom. Because of the specific geometry and
the many symmetries involved, the lower structural vibration modes
are nothing but multiplicative representations of the modes of the
single boom. The relative deviation of these coexisting solutions
from the “average” value is small, even in the case of smaller rigidity
of the central support stays below a 5% variation.

For comparison, we also show here the case corresponding to a
central support with a flexural rigidity of 10 K (see Fig. 18), in which
a better match is observed with the values predicted by the single
boom analysis, at least up to loads in the vicinity of buckling. In the
limit (K!1), all four booms have the independent behavior of a
cantilever beam and the plots from Fig. 5 are exactly recovered.

VI. Conclusions

For all the design models analyzed so far, complex effects such as
strong geometric nonlinearities and large compressive forces were
taken into account successfully. Vibration modes have been
followed up to almost twice the critical load, along a loading path that
was followed successfullywith the aid of Riks’ algorithm [12]. It was
also shown that simpler equivalent beam models can effectively
replace and predict the response of the slender isogrid booms with a
considerable reduction of the number of degrees of freedom and
hence an improvement in numerical efficiency. The same statement
is no longer true for booms with shorter effective lengths (spans) and
current work is concentrated on developing simpler equivalent
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Fig. 16 Structural deformed configurations under various combinations of lateral forces. Compressive axial forces of 3 kN in all beams.
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models for this case. Dynamic analyses were used to predict the loss
of stability for the case of nonconservative forces and the results are
consistent with the analytical solutions for the simple case of the
cantilever beam. Although the deflections analyzed were typically
computed for loads above anticipated design values, it is instructive

to determine the extent to which solutions can be obtained.
Furthermore, it has been suggested that, due to weight and control
facets of solar sail design, carrying loads in the vicinity of underlying
elastic critical load (which would clearly be undesirable in regular
structural applications) is not unrealistic.
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Fig. 17 Variation of the square of the natural frequencies with the axial loading (central support rigidity� 1 K).

0 0.5 1 1.5 2 2.5 3
-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

P/P
cr

ω
12

0 0.5 1 1.5 2 2.5 3
10

11

12

13

14

15

16

17

P/P
cr

ω
22

0 0.5 1 1.5 2 2.5 3
95

100

105

110

115

120

125

130

P/P
cr

ω
32

0 0.5 1 1.5 2 2.5 3
420

430

440

450

460

470

480

490

P/P
cr

ω
42

Fig. 18 Variation of the square of the natural frequency with the axial loading (central support rigidity� 10 K).
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The behavior of a supporting structure composed of four identical
booms is very similar to the behavior of a single boom. The next step
of this studywill be to performdynamic analyses of full-scalemodels
(considering also the inclusion of the sail), aswell as verificationwith
experimental data.
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